Rules for integrands of the form (a + bSin[e + fx])" (A+BSin[e + fx] + CSin[e + fx]?)

1: J.(bsin[erFx])m (Bsin[e + fx] +CSin[e+fx]2) dx

Derivation: Algebraic simplification
Rule:

j(bsin[e+fx])m (Bsin[e+fx] +CSin[e+fx]?) dx — %j(bsin[e+fx])m+1 (B+cCSinfe+fx]) ax

Program code:
Int[(b_.#sin[e_.+f_.xx_]) m_.(B_.xsin[e_.+f_.«x_]+C_.xsin[e_.+f_.»x_]~2),x_Symbol] :=

1/b*Int[(b*Sin[e+f*x])A(m+1)*(B+C*Sin[e+f*x]),x] /3
FreeQ[{b,e,f,B,C,m},x]

2. j(bsin[e+fx])m(A+CSin[e+-Fx]2) dx

1: J(bsin[e+fx])'" (A+csin[e+fx]?) dx when A (m+2) +C (m+1) == 0

Derivation: Nondegenerate sine recurrence lawithn - 0, p > 0

Rule:lf A (m+2) +C (m+1) == 9, then

AcCos[e+fx] (bsin[e+fx])™*

j(bsin[e+fx])m(A+CSin[e+fx]2) dx — e

Program code:

Int[(b_.*sin[e_.+f_.*x_])"m_.+(A_+C_.+sin[e_.+f_.+x_]~2),x_Symbol] :=
A*Cos[e+f*x]*(b*Sin[e+f*x])A(m+1)/(b*f*(m+1)) /3
FreeQ[{b,e,f,A,C,m},x] && EQQ[Ax (m+2)+Cx (m+1),0]



Rules for integrands of the form (a+b sin(c+d x))~m (A+B sin(c+d x)+C sin(c+d x)"2)

2: J(bsin[e+fx])'" (A+Csin[e+fx]2) dx when m< -1

Derivation: Nondegenerate sine recurrence lawithn - 0, p > @

Rule: If m < -1, then

J(bsin[e+fx])m (A+cCsinfe+fx]?) ax —

AcCos[e+fx] (bsin[e+fx])™ A (m+2) +C (m+1)
N

j(b sin[e + f x| )'"+2 dx

bf (m+1) b2 (m+1)

Program code:

Int[(b_.*sin[e_.+f_.»x_])"m_x (A_+C_.+sin[e_.+f_.xx_]"2),x_Symbol] :=
AxCos [e+'F*x] * (b*S:i.n [e+f*x] ) 2 (m+1)/(b*f* (m+1) ) + (Ax (m+2) +Cx (m+1) ) / (b”2% (m+1) ) *Int [ (b*Sin [e+'F*x] ) A (m+2) ,x] /3
FreeQ[{b,e,f,A,C},x]| && LtQ[m,-1]



Rules for integrands of the form (a+b sin(c+d x))~m (A+B sin(c+d x)+C sin(c+d x)"2)

3. J(bsin[e+fx])'" (A+CSin[e+fx]2) dx whenm¢ -1

1

1: [sin[e+fx]" (A+CSin[e+-Fx]2) dx when %= ez*

Derivation: Algebraic expansion and integration by substitution

Basis: sin[z]2 == 1 - Cos[z]?

m+1
2

Basis: If o

€ Z,thensinfe + fx]" = —%Subst[(l—xz) » X, Cos[e+fx]] o,Cos[e +fx]

Rule: If mle € 7Z*, then
JSin[e+-Fx]'" (A+CSin[e+-Fx]2) dx — jsin[e+fx]m (A+C—CCos[e+fx]2) dx

— —%Subst[J-(l—xz)g (A+C-Cx?) dx, x, Cos[e+fx]]

Program code:

Int[sin[e_.+f_.#x_] m_.x (A_+C_.xsin[e_.+f_.»x_]~2),x_Symbol] :=
-1/fxSubst[Int[(1-x"2)"((m-1)/2) + (A+C-Cxx*2) ,X],X,Cos[e+fxx]] /;
FreeQ[{e,f,A,C},x]| && IGtQ[(m+1)/2,0]



Rules for integrands of the form (a+b sin(c+d x))~m (A+B sin(c+d x)+C sin(c+d x)"2)

2: J-(bsin[eﬂcx])'" (A+CSin[e+fx]z) dx whenm¢ -1

Derivation: Nondegenerate sine recurrence 1b withm - 0, p > 0

Rule: If m ¢« -1, then

J(bsin[e+fx])m (A+cCsinfe+fx]?) ax —

Ccos[e+fx] (bsin[e+fx])™ A (m+2)+C(m+1)

j(bsin[e+fx])mdx

bf (m+2) m+ 2

Program code:

Int[(b_.*sin[e_.+f_.*x_])~m_.+ (A_+C_.#sin[e_.+f_.+x_]~2),x_Symbol] :=
-CxCos [e+f*x] * (b*Sin [e+'F*x] )" (m+1)/(b*‘F* (m+2) ) + (Ax (m+2) +Cx (m+1)) / (m+2) xInt [ (b*Sin [e+f*x] )"m,x] /3
FreeQ[{b,e,f,A,C,m},x] && Not[LtQ[m,-1]]



Rules for integrands of the form (a+b sin(c+d x))~m (A+B sin(c+d x)+C sin(c+d x)"2)

3: J(a+bsin[e+fx])m (A+BSin[e+fx] +CSin[e+-Fx]2) dx when Ab>-abB+a%2C=0

Derivation: Algebraic simplification

Basis: If Ab> -abB+a%C=0,thena+Bz+cz2=2% (a+bz) (bB-aC+bCz)

b2

Rule:If a2 -b%>+0 A Ab?>-abB+a%C == 9, then

J(a+bsin[e+fx])"' (A+BSin[e+-Fx] +CSin[e+fx]2) dx — til'—ZJ(a+bSin[e+-Fx])'"+1 (bB—aC+bCSin[e+-Fx]) dx

Program code:

Int[(a_+b_.xsin[e_.+f_.xx_])"m_.#(A_.+B_.xsin[e_.+f_.»x_]+C_.xsin[e_.+f_.»x_]*2),x_Symbol] :=
1/b~2xInt[ (a+bxSin[e+fxx])~ (m+1) xSimp [b+B-axC+bxCxSin[e+fxx],x],x] /;
FreeQ[{a,b,e,f,A,B,C,m},x| & EqQ[Axb"2-axbxB+a"2xC,0]

Int[(a_+b_.xsin[e_.+f_.»x_])"m_.#(A_.+C_.»sin[e_.+f_.»x_]*2),x_Symbol] :=
C/b"2+Int[ (a+bxSin[e+fxx] )~ (m+1) xSimp[-a+bxSin[e+fxx],x],x] /;
FreeQ[{a,b,e,f,A,C,m},x] & EqQ[Axb"2+a"2xC,0]



Rules for integrands of the form (a+b sin(c+d x))~m (A+B sin(c+d x)+C sin(c+d x)"2)

4: J(a+bsin[e+fx])m (A+BSin[e+fx] +CSin[e+-Fx]2) dx whenA-B+C=0 A 2m¢Z

Derivation: Algebraic expansion
Basis: If A-B + C==0,thena+Bz+cz2= (A-C) (1+2) +C (1+2)>
Rule:lf A-B+C==0 A 2m ¢ Z, then
J(a+b5in[e+fx])'" (A+BSin[e+fx] +CSin[e+fx]?) ax —

(A-C) ~J‘(a+bsin[e+1:x])'" (1+Sin[e+fx])dx+Cf(a+bSin[e+fx])"' (1+Sin[e+fx])2d1x

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])"m_.#(A_.+B_.xsin[e_.+f_.»x_]+C_.xsin[e_.+f_.»x_]*2),x_Symbol] :=
(A-C) xInt[ (a+bxSin[e+Ffxx])"m« (1+Sin[e+fxx]),x] + CxInt[(a+bxSin[e+Ffxx])"mx (1+Sin[e+fxx])"2,x] /;
FreeQ[{a,b,e,f,A,B,C,m},x| & EqQ[A-B+C,0] & Not[IntegerQ[2m]]

Int[(a_+b_.xsin[e_.+f_.»x_])"m_.#(A_.+C_.xsin[e_.+f_.»x_]"2),x_Symbol] :=

(A-C) xInt[ (a+bsSin[e+fxx]) " m« (1+Sin[e+fxx]),x] + CxInt[(a+bsSin[e+Ffxx])"m« (1+Sin[e+fxx])"2,x] /;
FreeQ[{a,b,e,f,A,C,m},x] & EqQ[A+C,0] & Not[IntegerQ[2«m]]

5. ~J‘(a+bsin[e+1:x])'" (A+BSin[e+-Fx] +CSin[e+fx]2) dx when m< -1

1: j(a+bsin[e+fx])"' (A+BSin[e+-Fx] +CSin[e+fx]2) dx whenm< -1 A a2-b2==0

Derivation: Symmetric sine recurrence 2a with m — @ plus rule for integrands of the form sin[e + £x]* (a+bsin[e+ fx])"
Rule:1f m< -1 A a% - b? == 9, then

J(a+bsin[e+fx])'" (A+Bsin[e+fx] +Csinfe+fx]?) dx —



Rules for integrands of the form (a+b sin(c+d x))~m (A+B sin(c+d x)+C sin(c+d x)"2)

-

J(a+bsin[e+fx])m (A+Bsin[e+fx]) dlx+CJSin[e+fx]2 (a+bsin[e+fx])"ax —

(Ab-aB+bC) Cos[e+fx| (a+bSin[e+fx])"

+

af (2m+1)

1 N m+1 N
7——————JXa+b51ﬂe+fx” (aA(m+1) +m (bB-aC) +bC (2m+1) Sin[e + fx]) dx
a‘ (2m+1)

Program code:

Int[(a_+b_.xsin[e_.+f_.%x_])~m_x (A_.+B_.#sin[e_.+f_.#x_]+C_.#sin[e_.+f_.xx_]"2),x_Symbol] :=
(Axb-axB+b*C) xCos [e+'F*X] * (a+b*Sin [e+'F*X] ) "m/(a*f* (2xm+1) ) +
1/ (a”2% (2xm+1) ) *Int [ (a+b*Sin [e+'F*x] ) A (m+1) *Simp [a*A* (m+1) +m* (bx*B-axC) +b*Cx (2xm+1) *Sin [e+'F*x] ,x] ,X] /3
FreeQ[{a,b,e,f,A,B,C},x] & LtQ[m,-1] && EqQ[a"2-b"2,0]

Int[(a_+b_.»sin[e_.+f_.%x_])"m_x(A_.+C_.#sin[e_.+f_.*x_]~2),x_Symbol] :=

bx (A+C) xCos [e+'F*X] * (a+b*Sin [e+'F*X] ) "m/(a*f* (2xm+1) ) +

1/ (a”2% (2xm+1) ) xInt [ (a+b*Sin [e+f*x] ) A (m+1) *Simp [a*A* (m+1) —a*Cxm+b*Cx (2xm+1) *Sin [e+f*x] ,X] ,X] /3
FreeQ[{a,b,e,f,A,C},x] && LtQ[m,-1] && EqQ[a~2-b"2,0]



Rules for integrands of the form (a+b sin(c+d x))~m (A+B sin(c+d x)+C sin(c+d x)"2)

2: J(a+bsin[e+fx])"' (A+BSin[e+fx] +CSin[e+-Fx]2) dx whenm< -1 A a2-b%2#0

Derivation: Nondegenerate sine recurrence lawithn - 0, p > @

Rule:If m< -1 A a? - b? # 9, then
J(a+bsin[e+fx])'"(A+BSin[e+-Fx]+CSin[e+fx]2) dx —

(Abz—abB+a2C) Cos[e+-Fx] (a+bSin[e+-Fx])'"+1
- +

bf (m+1) (a%-b?)

1

JXa+bsinh+fx]W“(b(aA-bB+aC)(m+1)-(Abz-abB+aZC+b(Ab-aB+bC)(m+n)sinh+fx])dx
b (m+1) (a%-b?)

Program code:

Int[(a_.+b_.#sin[e_.+f_.#x_] ) m_« (A_.+B_.xsin[e_.+f_.»x_]+C_.xsin[e_.+f_.»x_]*2),x_Symbol] :=
-(A*bAZ—a*b*B+aA2*C)*Cos[e+f*x]*(a+b*sin[e+f*x])A(m+1)/(b*f*(m+1)*(aA2—bA2)) +
1/ (bx (m+1) % (a*2-b*2) ) %
Int [ (a+b*Sin [e+'F*X] ) A (m+1) *Simp [b* (axA-bxB+a*C) * (m+1) - (Axb”"2-axbxB+a*2xC+bx (Axb-a*B+b%C) x (m+1) ) *Sin [e+'F*X] ,X] ,x] /3
FreeQ[{a,b,e,f,A,B,C},x] & LtQ[m,-1] && NeQ[a"2-b"2,0]

Int[(a_+b_.»sin[e_.+f_.%x_])~m_x (A_.+C_.#sin[e_.+f_.*x_]~2),x_Symbol] :=
- (Axb"2+a"24C) xCos [e+fxx] » (a+bsSin[e+Ffxx] )~ (m+1) / (bxfx (m+1) » (a2-b*2) ) +
1/ (b (m+1) % (a*2-b"2) ) %
Int [ (a+b*Sin [e+'F*X] ) A (m+1) *Simp [a*b* (A+C) * (m+1) — (Axb*2+a”2xC+b*2x (A+C) * (m+1) ) *Sin [e+'F*X] ,X] ,X] /3
FreeQ[{a,b,e,f,A,C},x] && LtQ[m,-1] && NeQ[a"2-b"2,0]

6: J(a+b5in[e+fx])'" (A+BSin[e+ fx] +CSin[e+-Fx]2) dx when m¢ -1

Derivation: Nondegenerate sine recurrence 1b withm - @, p > ©

Rule: If m ¢« -1, then



Rules for integrands of the form (a+b sin(c+d x))~m (A+B sin(c+d x)+C sin(c+d x)"2)
J(a+bsin[e+fx])m (A+BSin[e+-Fx] +CSin[e+fx]2) dx —

CCos[e+-Fx] (a+bSin[e+-Fx])'"+1 1
- +

JXa+bSinh+fx]V(Ab(m+z)+bC(m+1)+(bB(m+2)-aC)Sinp+fx])dx
bf (m+2) b (m+2)

Program code:

Int[(a_.+b_.#sin[e_.+f_.xx_] ) m_.x(A_.+B_.#sin[e_.+f_.xx_]+C_.*sin[e_.+f_.»x_]"2),x_Symbol] :=
—C*Cos[e+f*x]*(a+b*Sin[e+f*x])A(m+1)/(b*f*(m+2)) +
1/ (b* (m+2) ) xInt [ (a+b*Sin [e+'F*X] ) Am*Simp [A*b* (m+2) +b*xCx (m+1) + (b*Bx (m+2) —a*C) *Sin [e+'F*X] ,X] ,X] /3
FreeQ[{a,b,e,f,A,B,C,m},x| & Not[LtQ[m,-1]]

Int[(a_+b_.xsin[e_.+f_.»x_])"m_.#(A_.+C_.xsin[e_.+f_.»x_]"2),x_Symbol] :=
—C*Cos[e+f*x]*(a+b*sin[e+f*x])A(m+1)/(b*f*(m+2)) +
1/(b*(m+2))*Int[(a+b*Sin[e+f*x])Am*Simp[A*b*(m+2)+b*C*(m+1)—a*C*Sin[e+f*x],x],x] /5

FreeQ[{a,b,e,f,A,C,m},x] & Not[LtQ[m,-1]]
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Rules for integrands of the form (bSin[e + fx]?)™ (A+BSin[e + fx] + CSin[e + f x]?)

1: J(bsin[e+fx]p)m (A+Bsin[e+ fx] +CSin[e+-Fx]2) dx whenm¢ z

Derivation: Piecewise constant extraction

m

e (bSin[e+fx]P)™ __
Basis: Ox (bSinf[e+fx])™P 0

Rule: If m ¢ Z, then

(bsin[e + fx]")"

j(bsin[e+fx]")m (A+Bsin[e+fx] +CSin[e+fx]?) dx — j(bsin[e+fx])'"p (A+Bsin[e+fx] +CSin[e+fx]?) dx

(bsin[e+fx])"?

Program code:

Int[(b_.*sin[e_.+f_.*x_]"p_)~m_x(A_.+B_.xsin[e_.+f_.»x_]+C_.xsin[e_.+f_.»x_]*2),x_Symbol] :=
(bxsin[e+fxx]~p)~m/ (bxSin[e+Ffxx] )~ (mxp) +Int[ (bxSin[e+fxx])~ (mxp) x (A+BxSin [e+fxx]+CxSin[e+Ffxx]"2),x] /;
FreeQ[{b,e,f,A,B,C,m,p},x] & Not[IntegerQ[m]]

Int[(b_.xcos[e_.+f_.xx_]"p_)~m_x(A_.+B_.xcos[e_.+f_.»x_]+C_.xcos[e_.+f_.»x_]"2),x_Symbol] :=
(bxCos [e+fxx]~p)*m/ (bxCos[e+Ffxx] )~ (mxp) +Int[ (bxCos [e+fxx])~ (mxp) x (A+BxCos [e+fxx] +CxCos[e+Ffxx]"2),x] /;
FreeQ[{b,e,f,A,B,C,m,p},x] && Not[IntegerQ[m]]

Int[(b_.#sin[e_.+f_.xx_]"p_)"m_x (A_.+C_.xsin[e_.+f_.«x_]"2),x_Symbol] :=
(b*Sin [e+f*x] "p) "m/(b*sin [e+f*x] ) A (mxp) x»Int [ (b*Sin [e+'F*x] ) A (mxp) * (A+C*Sin [e+f*x] "2) ,x] /3
FreeQ[{b,e,f,A,C,m,p},x] && Not[IntegerQ[m]]

Int[(b_.xcos[e_.+f_.*x_]"p_) m_x(A_.+C_.xcos[e_.+f_.»x_]"2),x_Symbol] :=
(bxCos [e+fxx]~p)~m/ (bxCos[e+Ffxx] )~ (mxp) +Int [ (bxCos [e+fxx])~ (mxp) x (A+CxCos [e+fxx]~2),x] /;
FreeQ[{b,e,f,A,C,m,p},x] & Not[IntegerQ[m]]
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